This work presents recent the progress in the development of the Concurrent Atomistic-Continuum (CAC) method for coarse-grained space-and time-resolved atomistic simulations of phonon transport. Application examples, including heat pulses propagating across grain boundaries and phase interfaces, as well as the interactions between phonons and moving dislocations, are provided to demonstrate the capabilities of CAC. The simulation results provide visual evidence and reveal the underlying physics of a variety of phenomena including: phonon focusing, wave interference, dislocation drag, interfacial Kapitza resistance caused by quasi-ballistic phonon transport, etc. A new method to quantify fluxes in transient transport processes is also introduced.
Introduction
Microstructure hierarchy and its dynamic behavior have increased the essential complexity of materials. However, there has historically been a lack of predictive computational tools in modeling, understanding, and ultimately controlling materials that exhibit complex mesoscale dynamic behavior. Simulating such materials requires bridging length scales from atomistic structures and their interactions to continuum models of bulk components 1 . The majorities of existing methods treat the mechanical and thermal behavior of materials separately and require empirical parameters from theoretical modeling or fits to experiments. Specifically, when dealing with heat conduction, assumptions are usually made regarding the nature of phonon thermal transport process, e.g., Fourier or non-Fourier heat conduction, ballistic or diffusive phonon transport, or a preconceived understanding of the scattering between phonons and defects; these assumptions limit the predictive power of these methodologies.
Among the existing computational tools for phonon transport, there are several widely used ones from different perspectives, which have yielded useful insight and have significantly enhanced our understanding. The atomistic Green's function method (AGF) pioneered by Mingo and Yang 2 has emerged for a decade as a useful tool for the study of phonon transport across interfaces. Similar to the lattice dynamics (LD) method, the AGF technique is a frequency domain method ideally suited for phonon mode analysis and frequency specific transmission across interfaces. It is based on the harmonic force constants from empirical or DFT calculations; the inclusion of anharmonicity, although possible in principle, requires significantly more effort and is not generally pursued in the literature 3 . AGF and LD can be applied to study the effects of defects but with the defect structure being considered as a time invariant input. Evolution of interfacial structure or other defects is not considered. Another widely used method for the study of phonon thermal transport is the Boltzmann transport equation (BTE) . Along with the recent developed efficient Monte Carlo (MC) algorithm, this tool has been extended for the study of mesoscale material systems [4] [5] . However, in BTE the defects are considered through the extrinsic relaxation time of phonons, and hence the effects of different defects are simply combined via Mathiessen's rule. This means that the scattering mechanisms of multiple defects, as well as the intrinsic phonon-phonon scattering, are all assumed to be independent of each other. In addition, the BTE technique treat phonons as particles, this makes it inappropriate for the study of wave effects, i.e., wave interference 6 .
To model phonon transport in materials with defects, Molecular Dynamics (MD) is essentially the only tool currently available that does not require assumptions regarding the nature of phonon transport or mechanisms for phonon-defect scattering [7] [8] . Equilibrium MD with the Green-Kubo algorithm can be used to compute thermal conductivity and, if projected onto harmonic normal modes, it can be used for a modal analysis 9 . However, since it assumes one heat flux for the entire specimen, the method is only appropriate for homogeneous material system 10 .
The nonequilibrium steady-state MD is analogous to the quasi-one dimensional steady-state experiment and is straightforward in terms of data analysis. One component of the thermal conductivity tensor can be obtained in each simulation by fitting the temperature profile to Fourier's law [11] [12] [13] . MD can also be used to simulate transient transport processes, such as heat pulse propagation, if the heat pulse is properly modeled. The major limitation of using MD for the study of phonon-defect interaction is the size limit. The maximum phonon wavelength that can be considered in the simulation is the length of the MD simulation cell. Thus, the effect of long wavelength phonons cannot be investigated. However, phonon transport in short-period superlattices, for example, has experimentally been shown to be dominated by long-wavelength phonons
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. Even for single crystalline Si at room temperature, phonons with micron-sized wavelength contribute more than 40% of the thermal conductivity
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.
The CAC method is developed to meet the need for space-and time-resolved simulation of highly nonequilibrium transport processes, addressing mesoscale phenomena in hierarchical materials, beyond the length scale limits typical of MD. This is motivated by recent advances in conducting transient experiments with direct photoexcitation that have led to observations of many new phenomena, while improving the understanding of the underlying physics [16] [17] [18] [19] [20] [21] [22] [23] . The objective of this work is to introduce recent applications of the CAC method in simulating phonon transport. The rest of the article is organized as follows. The CAC methodology for simulation of phonon transport is presented in Section 2, including verifications of the method in predicting phonon dynamics. In Section 3, we present three numerical examples to demonstrate the capabilities of CAC in simulating ballistic and diffusive phonon propagation, their interaction with defects, as well as the dynamic responses of the defects. In Section 4, we present atomistic formula for heat flux that can be used to compute heat flux in transient processes and inhomogeneous systems. This paper is concluded with a brief summary and discussion in Section 5.
The CAC method

A brief introduction
The concurrent atomistic-continuum (CAC) method is a coarse-grained atomistic method that reduces the degrees of freedom of an atomistic system by reformulating the continuum field representation of balance laws from the atomistic model 24 . We emphasize here its fully dynamic form. The theoretical foundation of the CAC method includes a coarse graining concept based on the two-level description of crystals in solid state physics and a unified atomistic-continuum formulation of the conservation laws based on the principles of classical statistical mechanics.
The solid state physics and statistical mechanics considerations can be summarized as follows.
(1) Solid state physics describes the structure of all crystals in terms of a periodic lattice with a basis of atoms attached to each lattice point 25 (cf. Fig.1 ). As the size of the lattice increases, the mechanical response associated with the structure become continuous 26 . CAC makes use of the translational symmetry of the crystal lattice and the lattice-level continuous properties to reduce the degrees of freedom of the atomistic model of crystalline materials. In contrast to many existing multiscale methods that coarse grain the atomicscale structure or displacements, CAC reduces the degrees of freedom by assuming continuous deformation of the lattice while retaining information regarding discontinuous atomistic structure and response within any given unit cell in the case of polyatomic unit cells. This two-level description is motivated by Kirkwood's idea of including the internal molecular degrees of freedom 29 , the "lattice + basis" description of crystals in solid state physics 27 , and also the two-level materials description in Micromorphic theory [30] [31] [32] [33] [34] [35] . Following the Irving-Kirkwood procedure 28 , this concurrent two-level description leads to a concurrent atomistic-continuum representation of the conservation laws [36] [37] as exact consequences of Newton's second law [36] [37] [38] , i.e., CAC is also a continuum field theory since it treats a crystalline material as a continuous collection of material points (unit cells) that possess internal degrees of freedom to describe the movement of atoms inside each unit cell.
In distinction from the two-level continuum description in Micromorphic theory [30] [31] [32] [33] [34] [35] or other generalized continuum theories [39] [40] , in CAC the subscale description within each continuously distributed material points is discrete, with atoms in each lattice cell being modeled explicitly. This complete set of governing equations governs both the atomistic and continuum regions, with the atomic-scale structure and interactions being built in the formulation.
Different from the Irving and Kirkwood's statistical mechanics formulation of single phase, single component hydrodynamics equations, CAC employs a concurrent two-level structural description of materials. Therefore, CAC is unique in a number of regards:
(1) With a single precisely formulated set of conservation equations governing both atomic and continuum domains, the usual artificial interface between atomistic-continuum descriptions that limits most multiscale methods to consider only static phenomena is not needed;
(2) By including the internal degrees of freedom of atoms within each lattice cell in the continuum formulation, CAC can simulate complex crystalline materials, including both acoustic and optical phonon branches;
(3) With a complete field representation of the governing laws, the CAC formulation can be solved efficiently using continuum field simulation approaches, e.g., the finite element method. With the only constitutive relation being the interatomic potential and with a recast form of the governing equations, continuity between elements is not required; consequently, nucleation and propagation of dislocations or cracks can be simulated via sliding and separation between finite elements, as direct consequences of the governing equations.
Since CAC is derived solely from an atomistic model, it does not require continuum parameters for static, dynamic, zero or finite temperature systems. In the process of the derivation, the fluxes are determined in terms of atomic displacements and local temperature. The CAC formulation is currently numerically implemented using a modified finite element method. It differs from traditional finite element implementations of classical continuum mechanics since each finite element in CAC represents a collection of continuously deformable primitive unit cells, each containing a group of atoms. Applications of CAC for the simulation of mechanical behavior have been demonstrated through the reproduction of dynamic phenomena such as crack propagation and branching [41] [42] [43] , phase transitions 44 , nucleation of dislocations, formation of dislocation loops and networks [45] [46] [47] [48] [49] [50] [51] , and defect-interface interactions 52 .
Extending the form and capability of CAC to phonon transport
A recent development of CAC is to model coupled phonon dynamics and defect dynamics for nonequilibrium transient processes in heterogeneous materials. Note that CAC can reproduce the exact dynamics of an atomistic system if modeled with the finest mesh. When discretized with coarse-scale finite elements, CAC can accurately predict the dynamics of phonons with wavelengths longer than a critical wavelength determined by the size of the element.
To enable CAC to simulate heat pulse experiments, we have developed a phonon representation of heat pulses that are composed of spatiotemporal Gaussian wave packets, termed the coherent phonon pulse (CPP) model 53 . The CPP model is used to mimic the coherent excitation of a nonequilibrium phonon population achieved via ultrashort laser techniques. Since the CAC method is a coarse-grained method derived bottom-up from atomistics, and can adapt the viewpoint of phonons to describe heat and temperature in terms of mechanical vibrations, the CPP model naturally accommodate to the framework of CAC. In addition, since CAC is built on the statistical mechanical theory of transport processes of Irving-Kirkwood [28] [29] , it can naturally be used to study highly nonequilibrium dynamic phonon transport processes.
The current CAC method can be used for coarse grained study of long wavelength phonon dynamics and the dynamic interaction between phonons and defects. The propagation of heat pulses or defects, including their propagation directions and speeds, all emerge naturally in the simulation without the need for ballistic diffusive transport assumptions, or a priori understanding of the mechanism of phonon-phonon and phonon-defect interactions.
Verification of CAC in simulating phonon transport
A. Phonon dispersion relations
For the purpose of verification, we perform the LD calculation of the phonon dispersion relations for a 2D FCC solid with a Lennard-Jones (LJ) interatomic force field 54 and compare the results to the dispersions in CAC obtained by solving the dynamical matrix of the coarse-grained lattices. 
B. Monochromatic wave propagation
Motivated by the experimental observations of radial phonon distributions in materials induced by the 
C. Passing long wavelength phonons through the numerical interfaces
To verify that there is no spurious wave reflection at the atomistic-continuum interface for the long wavelength phonon propagation, the single crystal model is discretized with both uniform meshes and non-uniform meshes, i.e., with both coarse meshes and fully atomistically-resolved meshes. The CAC simulation is then conducted along with a CPP model 53 , which continuously generate phonons with wavelengths ranging from 5 nm to 250 nm. The heat source is applied to the center of the models where the coarse elements are employed; the spot size of the heater is 10 nm to avoid strong phonon-phonon scattering.
FIG. 4 Comparison of the phonon wave propagation in a single crystal specimen constructed with uniform coarse meshes (a-c) and non-uniform meshes with both atomic and coarse-scale finite element meshes (d-f).
In Fig. 4 , the normalized kinetic energy distributions in the single crystal models with uniform meshes (Fig. 4(a-c)) and non-uniform meshes (Fig. 4(d-f) ) at the same time steps are compared; there is no noticeable difference. The maximum error is then quantified by comparing the pointwise total kinetic energy in different regions, which is less than 0.5%. This result confirms that the atomistic-continuum interface in CAC does not provide a numerical barrier for the dynamic propagation of long wavelength phonons. It is also noticed that relatively short wavelength phonons channel along the [112] crystal directions and result in phonon-focusing "caustics", which are especially high phonon fluxes along certain directions arising from crystallographic anisotropy. This indicates that CAC method is able to capture experimentally observed phonon focusing phenomena 55 . In addition, the longitudinal and transverse wavefronts are indicated in Fig. 2(c) . The associated wave speeds are measured from the time sequence, as ~6700 m/s and ~3900 m/s, respectively, which are consistent with the phonon group velocities of the LA and TA phonons near the Γ-point from LD calculations. These verifications once again demonstrate the capability of CAC to predict long wavelength phonon dynamics in crystalline materials.
CAC simulations of coupled phonon transport and defect dynamics A. phonon transport across grain boundaries
Interfaces play a significant role in thermal transport in crystalline materials. However, modeling and simulation of phonon-interface interaction has been historically challenging, especially for incoherent interfaces such as highangle grain boundaries (GBs) 56 . Moreover, coupling transport simulation to structural simulation has been identified as a significant challenge in phonon transport 6 . In this section, we demonstrate the capabilities of CAC to simulate the dynamic interaction of a heat pulse with GBs. Fig. 5(a-c) . Moreover, with a selected input phonon mode, the wavelength-dependent energy transmission has been measured 57 , which shows the capability of CAC to conduct a mode-wise study.
In addition to the qualitative and quantitative study of the effect of GBs on the phonon transport, the spatial and temporal resolved simulation results from CAC can simultaneously capture the defect structural evolution. As shown in Fig. 6(a-d) , during the dynamic process, we find that GBs undergo local reconstruction when meeting with phonon caustics of high energy flux. Depending on the phonon intensity, the reconstruction may occur with or without recovery. The four figures on the top of Fig. 6(a-d) are the exploded views, showing the atomic details of a local GB region during the dynamic interaction with phonons. Note that the white dashed lines mark the initial position of the GB. These simulation results demonstrate that the defect structures can dynamically respond during the phonon transport process. The CAC method along with the CPP model is thus demonstrated to provide a fully coupled treatment of defect dynamics and phonon transport; this is nontrivial for other existing methods that either treat a defect as a static input or consider it through the extrinsic scattering rate of phonons. Also, Fig. 6 points to the significance of long wavelength phonons on the dynamic evolution of microstructures.
FIG. 6 Time sequences of atomic arrangements showing the GB structural change due to the phonon-GB scattering; (a-d) are snapshots taken at the vicinity of the GB region where the GB intersects with the energy caustics of the phonon pulse. Corresponding to each figure, there is an exploded view of the highlighted region (in red dash line). The white dashed line marks the initial position of the GB.
In addition, simulation results show that the majority of the heat is carried by long wavelength phonons that were not believed to be the major heat carrier. Distinct from the heat propagation in a single crystal, in a polycrystalline material, most of the short wavelength phonons far away from the Γ-point are confined within the heat-source-grain by the GBs. Therefore, it is the propagation of long wavelength phonons across the GBs outside the heat-sourcegrain that determines the capability of a polycrystalline material to conduct heat via phonons. The simulation results demonstrate the capability of CAC in the simulation of heat pulse propagation in polycrystalline materials via phonon transport.
B. Wave interference in superlattices
Wave interference is believed to play a significant role in phonon transport in periodic superlattices. However, detecting this transient process requires extremely fine temporal and spatial resolutions; a direct experimental observation is thus prohibited. Instead, indirect supporting evidence, such as the existence of the minimum thermal conductivity as a function of the superlattice period length [58] [59] [60] [61] [62] [63] and the linear size-dependence of the superlattice thermal conductivity 64 , are considered to be indicative of the phonon wave interference effect. phonon wave (106.3 nm in wavelength), the kinetic energy distribution in the three models presented in Fig. 7(a-c) show distinct responses. In Fig. 7(a) , the phase interfaces in the superlattice structure behave independently and the wavelength changes alternatively in different material layers. In Fig. 7(b) , we observe that the phonon wave propagating in the direction perpendicular to interfaces is completely reflected back by the interfaces; this provides a direct visual evidence of Bragg reflection 65 . Figure 7 (c) shows that the superlattice behaves in this case like a homogeneous material, with the phonon wave traveling across it ballistically. These simulation results demonstrate that, without an assumption regarding the nature of phonon transport, i.e., whether it is particle-like or wave-like, the wave-like transport phenomenon naturally emerges in the CAC simulation of superlattices.
C. Phonons scattering by moving dislocations
Simulation of fast moving dislocations is nontrivial. Most of the existing studies have considered dislocations under static or quasi-static conditions [66] [67] [68] [69] [70] [71] [72] . For the study of multiple dislocations, the dislocation spacing is usually assumed to be sufficiently large so that the interactions are decoupled 73 . To provide understanding of the fast moving dislocation at the atomic level, MD has demonstrated its predictive capability. However, the long-range nature associated with the phenomenon of moving dislocations, especially multiple moving dislocations, as well as their interaction with propagating phonons, is beyond the length scale of MD at reasonably affordable computational cost. The CAC method can be used to complement MD to provide this information. A verification study of the CAC method in modeling fast moving dislocations has been reported 74 . One of our recent works has presented a phonon pulse propagation in crystalline materials with a fast moving dislocation and dislocation array while studying the effect of phonons on dislocation mobility 75 . Figure 8 presents the kinetic energy distributions at the vicinity of the dislocation cores during the process of nucleation and migration of a single dislocation (Fig. 8(a-d) ) and an array of multiple dislocations (Fig. 8(e-h) ). The time sequences show that the dislocation motion is accompanied by a V-shape pattern of strong lattice vibrations in the wake of the moving dislocation, together with the relatively weak radial-shape wave front; this is consistent with a recent MD study on a single dislocation 76 . The dynamic process presented in Fig. 8 also shows that the radial wave front propagates faster than the dislocation core, indicating subsonic dislocation motion. This also explains why the wave interference band in Fig. 8 (f-h) widens as the dislocation array advances. In addition, our simulation results
show that a dislocation can travel to microns before its velocity reaches a steady state condition 75 ; this explains the size-effect in MD [77] [78] .
FIG. 8 Time sequences of the kinetic energy distributions at the vicinity of the dislocation cores during the process of nucleation and migration of a single (a-d) and multiple dislocations (e-h)
, and phonon waves emitted from dislocations. Figure 9 presents the interaction between a moving dislocation array and a propagating phonon pulse. The domain size is 5 µm by 5 µm. It is shown that during the process, multiple phonon scattering mechanisms coexist and cannot be simply decoupled. Therefore, it is important to naturally incorporate all the scattering events without additional assumptions regarding either the individual scattering mechanism or a rule that combines them. For example, with multiple dislocations, the strong wave interference band scatters the incoming phonon pulse before the phonons meet with the dislocations, as shown in Fig. 9(a) . This in turn, changes the mobility of the dislocation when it is in the array compared to when it is present alone 75 . Figure 9 (b) shows that during the interaction, one of the dislocations starts to decelerate by emitting phonon waves from the dislocation core and is soon arrested. After the wave front passes by, as shown in Fig. 9(c) , three dislocations (with red dislocation marks) out of ten are arrested.
The simulation of fast moving dislocations interacting with the phonon pulse once again demonstrates that CAC is able to provide a fully coupled treatment of defect dynamics and phonon transport. In addition, the spatial and 
where These new surface-averaged flux formulas have been shown to reproduce uniquely known values of the stress and heat flux in the equilibrium state, the steady-state, and transient transport processes. Here we provide simulations of two inhomogeneous systems to demonstrate the applicability of the surface-averaged formula for energy flux in transient transport processes: a Lennard-Jones superlattice structure in Fig. 10(a) and a Stillinger-Weber Si phononic crystal in Fig. 10(b) .
The results of energy flux from different formulas are plotted in Fig. 11 and Fig. 12 . The results using the surfaceaveraged energy flux formula, labelled as "surface", are compared with the energy flux that satisfies the Continuity equation, labelled as "continuum", and the volume-averaged heat flux formula, labelled as "volume". Here, the "continuum" energy flux formula is based on the hydrodynamics continuity equation through measuring the change of the total energy in a region to obtain the flow of energy across the entire surface enclosing the region 83 , it is also the formula widely used in nonequilibrium MD simulations with the heat-source-sink scheme to calculate the heat flux in steady-state heat flow. Meanwhile, the "volume" formula is widely used in equilibrium MD simulations using the Green-Kubo formalism to compute thermal conductivity. Since the Hardy fluxes are volume averages that produce similar results to the virial and heat theorems 84, 85 , we only plot the energy flux based on the heat theorem as the medium of comparison for volume averages. It is noted that the "continuum" formula measures the total energy flux across the entire surface rather than the local energy flux. However, with periodic boundary conditions being applied in both the y and z directions, the total energy flux averaged over two symmetrically located planes A and Aꞌ is equal to the averaged local energy flux over the area of the two planes. 
Summary and discussions
In summary, we have presented recent progress in the development and application of the Concurrent Atomistic- 1) Since CAC is derived bottom-up from atomistics in phase space, the structure of defects can naturally be resolved in the real space. This is critically important for the study of defects with irregular structures and large characteristic length scale, such as incoherent grain boundaries and phase interfaces, multiple dislocations, etc.
2) As CAC naturally couples structural dynamics to phonon dynamics, it enables simulation of the dynamic evolution of defects in materials, such as the grain boundary reconstruction and dislocation drag, in transient processes of phonon transport.
3) In CAC, if multiple defects are modeled in one specimen, all scattering events are present in one simulation; coupled scattering mechanisms can thus be simulated without any assumption such as the Mathiessen's rule employed in the BTE method.
4) The physical space-and time-resolved simulation results provide visual evidence for a variety of phenomena without any a priori understanding or assumptions regarding phonon transport or phonon-defect scattering. All the dynamic processes involved in the CAC simulation are determined only by the Newton's law of motion, the interatomic potential, and the material microstructures.
5) With the input of a selected phonon mode, CAC simulation allows a mode-wise study of the microscopic details which can answer the fundamental questions such as which phonon-phonon or phonon-defect interactions are primarily responsible for a certain material property; e.g., a low thermal conductivity, how energy is distributed among the broad spectrum of phonons, etc.
Quantum-mechanical computational packages based on the Density Function Theory (DFT) allow a predictive, parameter-free study of the role of atomic bonding and phonon-phonon scattering 86 , which can be used to predict the thermal conductivity of simple crystals. Although the extension to complex crystals with a rigorous treatment of disorder and boundaries requires further advances, accurate interatomic potentials DFT may provide can further enhance the predictive power of the atomistic simulations, as well as the coarse-grained atomistic simulations like CAC. For defects with small characteristic length, simulation tools such as MD can simultaneously capture the full atomistic picture of both the phonon thermal transport and structural evolution. To capture that picture for defects and structures with larger characteristic length, e.g., interfaces or moving dislocations, or materials with multiple defects, a coarse-graining technique such as that used in CAC holds the promise to provide useful insights.
Recent advances in experimental and computational techniques have enabled an unprecedented microscopic view of materials mechanical and thermal transport. However, many aspects of the fundamental microscopic details, as well as the connection between experimental observations and the simulation results, are lacking 5, 87 . Collaboration among these communities is needed to integrate information from investigations performed at different scales and/or from different perspectives. CAC aims to meet the need for a simulation tool that fully couples material microstructure, mechanical, and thermal transport behavior, and is capable of including both coherent and incoherent scattering processes in materials with microstructure, as well as defect dynamics and phonon transport.
